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Methodology for Performance Analysis of Aerospace Vehicles
Using the Laws of Thermodynamics

David W. Riggins* and Trent Taylor"
University of Missouri—Rolla, Rolla, Missouri 65409

and

David J. Moorhouse*
U.S. Air Force Research Laboratory, Wright—Patterson AFB, Ohio 45433

Theory, methodology, and example applications are developed and shown for the systematic analysis of overall
vehicle forces in terms of irreversibility and heat. The methodology presented involves analyzing and deconstruct-
ing vehicle forces using individual stream tubes as components within the overall fluid control volume in which
the vehicle is embedded. This provides the capability for the complete fluid/thermodynamic ‘“audit” of vehicle
performance in terms of irreversibility, combustion (heating), and fluid dynamic flow turning and area change.
Sample results are shown for a simplified hypersonic vehicle configuration modeled with constant specific heats and
Rayleigh heating. The role of overall entropy generation and wake mixing processes in the production of vehicle
forces in atmospheric flight is next discussed and clarified. Specifically, the direct analytical relationship between
entropy, wake mixing processes, and overall force production for the vehicle is developed from fundamental consid-
erations of the global control volume with inclusion of the wake in the analysis. This analysis is demonstrated using
the same simplified high-speed configuration and is finally developed for the completely general problem of an
aerospace vehicle with variable specific heats, thermal loading, variable composition, fuel injection, and chemical

reaction.
Nomenclature
A = cross-sectional area, m?
Cp = specific heat at constant pressure, J/kg-K
F = force vector, N
Froound(shear) viscous boundary force on side of stream tube, N
F,,Fy,,F, = x,y,z Cartesian force components, N
Hy = heating value of fuel, J/kg
H, = total enthalpy flow rate, J/s
M = Mach number
m = mass flow rate, kg/s
mw = molecular weight, kg/kmol
nes = number of chemical species
P = static pressure, N/m>
[0 = heatrate, J/s
R = gas constant, J/kg-K
S = entropy flow rate, J/K-s
T = static temperature, K
u,v,w = X, Y,z Cartesian velocity components, m/s
14 = velocity vector, m/s
w = work rate, J/s
o = species [ mass fraction
B = flow angularity, deg
8q = differential heat rate per mass, J/kg
n = unit vector normal to surface, oriented outward
from fluid
m = species / mole fraction
P = static density, kg/m’
Subscripts
e = vehicle exit plane
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i,0 = vehicle leading edge plane, freestream
inj = fuel-injection conditions
irr = irreversible process
l = chemical species
r, rev = reversible process
t = total condition
veh = vehicle
w = wake exit plane
w, wake = wake process
0 = reference
I. Introduction

IGH-SPEED airbreathing atmospheric flight is dominated by

1) extremely large flow irreversibility associated with both
internal (engine) and external (aerodynamic) fluid streams and
2) (particularly for higher flight Mach numbers) very small ratios of
onboard (useful) energy to freestream energy. This results in small
overall performance margins, especially as flight Mach number is
increased. Current design and analysis methodologies for aerospace
vehicles in all speed regimes (subsonic to hypersonic) are primarily
based on individual component-level or subsystem-level approaches
to characterizing, analyzing, and optimizing respective piecewise
performances. The resulting overall vehicle performance is then es-
sentially a product of the net effect of this nonsynergistic approach.
Nevertheless, adequate overall designs can result, generally as trades
aimed at maximizing overall vehicle performance are made within
a parametrically driven top-down overall system integration effort.
In this sense, some degree of synergy of outcome can be achieved
in current methodologies. However, there is an urgent need for a
comprehensive and formalized approach to characterizing the im-
pact of irreversibility on aerospace vehicle design, evaluation, and
optimization particularly for hypersonic vehicle design caused by
the dominance of irreversibility in that regime. This approach must
be at the system level as proposed by Moorhouse. !

Moorhouse articulated the energy-based principle that the mis-
sion of a flight vehicle be considered as the required “customer
work” with all other “overhead” work minimized. A successful strat-
egy that is based on this principle should then be based specifically
on a common currency for performance characterization of all com-
ponents and subsystems that contribute to fuel usage. To develop this
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strategy, it is believed that the explicit impact of flow irreversibility
on overall vehicle performance as conventionally defined (i.e., vehi-
cle forces) must be fully understood in order to fully assess current
designs, optimize designs, or develop new designs. Surprisingly,
this subject is (from the practical vehicle performance-based stand-
point) relatively untouched if one considers the significant benefits
that can result from a full realization of second-law-based strategies.
Although the following theoretical and methodology development
focuses specifically on the high-speed flight regime where the im-
pact of irreversibility is extreme, the theory and methodology de-
scribed are quite general in terms of speed regime, that is, concepts
and techniques described should apply for flight regimes ranging
from subsonic to hypersonic.

This work first describes methodology that yields a full force-
based performance audit for an entire hypersonic aerospace vehi-
cle in terms of explicit second-law characteristics. This is done by
beginning from fundamental considerations of forces experienced
by stream tubes and defining the functional characterization of the
forces, that is, defining the basic quantities which actually contribute
to the production of forces on a given stream tube. This understand-
ing is then methodically extended to the analysis of force interac-
tions experienced by the wetted surfaces of a vehicle in high-speed
flight. The analysis is rigorously based on the overall control-volume
equations descriptive of the flow in an appropriately defined global
control volume or stream tube (itself composed of many individual
stream tubes) that completely envelopes the vehicle and the vehicle
zone of influence out to a suitably defined exit plane. The complete
characterization of the reference reversible forces, which the vehicle
would experience if irreversibility were removed in the given sys-
tem, are formulated from first principles based on this same control
volume approach—the global stream tube enveloping the vehicle
being appropriately analyzed in terms of constituent streamtubes
for a full audit (or accounting) of the impact of both irreversibility
as well as heat interaction and flow nonuniformity and turning ef-
fects. A simplified vehicle example based on constant specific heats
and inviscid flow is shown utilizing this methodology, although the
methodology is completely general.

This is followed by theoretical development that directly relates
the force experienced by the vehicle to the entire vehicle/wake-
mixing process (the wake-mixing process referring to the relaxation
of the various flows at the vehicle exit plane to complete equilib-
rium with each other and with the environment downstream of the
vehicle). This is done by again examining the global control volume
in which the vehicle is embedded within the atmosphere; however,
with the inclusion of the wake mixing domain aft of the vehicle
itself. The theoretical development and analysis presented here are
complementary to the development/methodology for characterizing
the reference reversible forces; together they provide a complete the-
oretical/practical framework for fully analyzing and understanding
the impact of irreversibility and energy interactions on high-speed
vehicle performance.

Early work done in this area includes that of Foa? who sketched
the characterization of performance system thrust and propulsive
losses in terms of entropy rise across a jet engine (for matched
pressure across the engine and other simplifying assumptions); he
termed this the “entropy method.” This is similar to the more gen-
eral work of Riggins,> who recently examined the thermodynamic
spectrum of gas-turbine-engine performance from the standpoint of
overall heat added, irreversibility (entropy production), and work
exchange in the propulsive flowpath. Lewis* provided clarification
regarding the role of the second law in providing a universal defini-
tion of the propulsive efficiency for an isolated engine. The concept
of thrust or thrust-work potential (also called stream-thrust-based
methods) for the performance characterization of high-speed ram-
jet and scramjet engines was first articulated by Curran and Craig’;
considerable extension of their seminal work has been performed by
Riggins et al.% and Riggins.” The use of these methods has enabled
the complete characterization of the loss in scramjet engine thrust
caused by irreversibility and has allowed the assessment of engine
thrust losses in terms of irreversible loss mechanism and location.
In a closely related development, the general concept of work avail-

ability as applied to aerospace jet engines (turbojets and turbofans)
has been developed and utilized by Roth,®® who has suggested the
use of work availability as a common currency for engine design,
evaluation, and optimization, generally without explicit considera-
tion of entropy (second-law considerations) necessary. In addition,
a significant amount of work has also been done in the area of
applying conventional exergy (or availability) to the problem of
aerospace vehicle design and evaluation (for example, see Clarke
and Horlock!® and Czysz and Murthy'!). Availability is based on
the assessment of the maximum reversible work as measured from
a dead state and is attractive as a single-currency candidate, that is,
it is well established and has an excellent track record for cyclic
ground-based systems such as power plants. However, Riggins'>!?
has shown problems with conventional availability when directly
applied to very simple jet engine optimization problems and has
suggested a modification of exergy (called engine-based exergy),
which essentially unifies it with the stream thrust concepts already
discussed. The complete relationship between availability, entropy,
and overall vehicle performance is derived and discussed in the latter
sections of this paper in which the critical importance of the vehicle
wake-mixing/equilibrium process is fully demonstrated.

The references just listed, which detail previous/related work in
the area of performance assessment, are specific to the propulsion
systems for flight vehicles. There has been significantly less work
involving the development and use of entropy-based methods for ex-
ternal aerodynamic design, evaluation, and optimization. An early
reference that correctly incorporates the second-law impact of the
wake process for the drag on a base aerodynamic shape without
energy interactions or mass addition is found in the textbook by
Oswatitsch.!* Greene'> examined the role of entropy for induced
drag minimization on low-speed airfoils using concepts related to
this earlier work. Roth!'® and Roth and Mavris!” have usefully ex-
tended work potential methods to vehicle airframe and overall vehi-
cle system loss management. Finally, Giles and Cummings'® have
presented work relating vehicle drag performance and wake pro-
cesses which, although specifically focused on subsonic/transonic
flight, is readily extended to other flight regimes.

II. Functional Dependence of Forces Experienced
by Fluid in Streamtubes

Steady fluid flow around a high-speed aerospace vehicle and
through its propulsion system can be analyzed rigorously in terms of
multiple fluid stream tubes (each with quasi-one-dimensional fluid
dynamics). In each stream tube originating upstream of the vehicle,
fluid is processed from freestream conditions to an appropriately
defined exit plane where the fluid effectively ceases to affect the ve-
hicle and vice versa. Interactions between adjacent stream tubes and
the vehicle wetted surfaces in terms of cross-sectional area changes,
angularity (direction change), forces, and heat and work (energy) in-
teractions drive stream-tube development and evolution. Addition-
ally, fuel/mass addition to stream tubes inducted into the propulsion
system takes place as well as diffusive mixing of disparate species
between adjacent stream tubes downstream of mixing and combus-
tion zones. Aft of the defined vehicle exit plane, further processing
of the stream tubes takes place in the wake of the vehicle where
there is a relaxation process back to a condition of displaced equi-
librium. The interactions of the fluid in the stream tubes with the
vehicle wetted surfaces (internal and external) give rise to forces,
moments, and heat transfer on that vehicle, that is, determine vehi-
cle performance. Of specific interest here is the overall force vector
experienced by the vehicle and the development and demonstration
of the ability to analyze the components of this overall force vector
in terms of second-law characteristics and impacts.

Although a stream tube is arbitrarily defined in terms of its size
(i.e., it can be defined as large in cross-sectional area as the fluid
stream encompassing the entire vehicle or as small as the contin-
uum approximation allows) and is itself composed of smaller stream
tubes, it is obvious that the flowfield approximation fidelity and cap-
tured physics increase with greater density (number) of stream tubes
defining the modeled flowfield (neglecting numerical issues). This
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Fig. 1 Stream tube in flow (no shaft work).

is because at the most basic level of a stream tube, which is ef-
fectively modeled in a given flowfield, the quasi-one-dimensional
approximation to the fluids within that stream tube is automatically
applied. This is true for conventional multidimensional computa-
tional fluid dynamics as well, which, although not explicitly based
on the stream-tube approach, nevertheless assumes in various fash-
ions cell-averaged values between nodes.

Consider a stream tube (with quasi-one-dimensional characteris-
tics) as sketched in Fig. 1. This stream tube is itself located in a larger
(steady) fluid flow (or overall control volume or stream tube). For
simplicity here, neglect any mass addition effects via injection or
diffusive mixing although this assumption is not necessary in gen-
eral. This stream tube is processed from some defined inlet plane
i to exit plane e. It has an overall heat interaction rate Q with its
surroundings [other stream tubes or vehicle surface(s)], which is

progressive, that is,
e
0= / 8q

where §q is the differential heat interaction associated with a dif-
ferential distance along the stream tube. Furthermore, it can have
a force-based work rate interaction on the boundary, that is, as a
result of flow in adjacent stream tubes having different velocities.
This term will be as follows:

e
/ deound(shear) : Vbound
i

where dFyoundcshear) 1S the differential boundary (shear) force felt on
the circumference of the streamtube at a location and Vg, is (prop-
erly) the velocity at the boundary. This implies an inner integration
around the circumference of the stream tube. This is a viscous effect,
that is, the flow in a stream tube, which is moving faster than that
in an adjacent stream tube does work on the slower-moving fluid.
Note that this is accompanied by a continual generation of waste
heat, that is, irreversible entropy production, because the receiving
(slower flow) stream tube sees less actual work then that given up
by the faster moving stream tube. The balance is realized as internal
heat generation.

The energy equation for this stream tube (assuming no net shaft
work interaction with the surroundings) is written as follows:

Hle = Hti + Q + / deound(shear) : Vbound (l)

Here H, is the total enthalpy flow rate across a given cross section
of the streamtube and is a function of m, T, P, species composition,
that is, o (species mass fractions.) and V.

The mass flow rate equation (continuity) is given by

m; = p;|Vi|A;
2
The second law for the stream tube can be written in terms of
entropy flow rate as follows:

W, =m;  with n,=p,|V.JA,  and

e
. . C 1 8
S.=8; + Sirr(inlemal) + m/ 7q )

Here Sirr(imemal) is the rate of the irreversible generation of entropy
because of internal irreversibilites (friction, etc.) occurring in the
stream tube. The heat term is the production of entropy caused
by heat transferred from the boundary into the stream tube. This
term can be separated into a reversible entropy increase (i.e., the
entropy increase that would be experienced by the fluid for the
given heat interaction if that interaction occurred reversibly at the
total temperature of the fluid 7;) and an irreversible entropy increase
associated with the losses of the (actual) heat interaction caused by
the static temperature being less than the total temperature. This is
written as follows:

Se = Si + Sirr(imemal) + Sirr(heat transfer) + Srev = Se = Si + Sin‘ + Srev

4
Here S‘rev =m f (8q/T;) and the entropy flow rate S is a function of
the following: m, T', P, and species composition, that is, ¢; (species
mass fractions).
The gas equation of state at the exit is

PezpeReTe (5)

where R, is the gas constant (function of the species).
The velocity vectors at stream-tube entrance and stream-tube exit
can be defined in terms of their components, that is,

Vl' =u,-lA'+v,-jA'+w,-12
V.= ue; + vej + welz = |Ve|(ﬁxe; + ﬁye; + ﬁzei(\) (6)

The unit vector components iy, fiye, f1,. define the angularity of the
exiting flow.

Equations (1), (2), (4), and (5) demonstrate that for known
1) stream-tube orientation (angularity of entering and exiting flow);
2)irreversible entropy generation in the stream tube, 3) given energy
interactions, boundary viscous work, and chemical composition and
4) given inflow conditions and stream-tube areas, the exit plane fluid
dynamics u,, v, w,, P., T,, and p, are uniquely determined (or cal-
culable) from this system of equations.

Now, utilizing the momentum equation, the following expressions
for the axial, vertical, and side forces on the fluid in the stream tube
(from side boundaries) can be written:

Fx:pe|Ve|ueAe+PeAeﬁxe_IOi|Vi|“iAi_PiAiﬁxi (7)
Fy :pelve‘veAe + PeAeﬁye - pi'Vi |UiAi - PiAi;lyi (8)
F,=p.|Ve|lw.A, + PeAeﬁzc —pilVilw; A; — PiAiﬁwi &)

Here, Fslreamtube = F\; + Fyf + lez
Because the force components are functions of the exit flow con-

ditions, the functional dependence of the force components on the
stream tube can be written as

F, = function(inflow conditions, Q, A./A;,
exit flow angularity, Sir,)
F, = function(inflow conditions, 0, A/ A;,
exit flow angularity, Sm)
F, = function(inflow conditions, Q A/ A;,
exit flow angularity, Si,T) (10)
or
F greamube = function(inflow conditions, O, A, /A;,
exit flow angularity, Sir,)

Here, function refers merely to a general but useful descriptor
of the functional dependence for the force or force components
on the various terms in the parentheses. Inflow conditions refer to
stream-tube entrance pressure, velocity, temperature, area, etc. For
simplicity in Eq. (10) and in the following discussion, the exit plane
species composition is not shown as a functional driver, that is,
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constant composition in the stream tube is assumed with a given gas
constant, etc. Note however that the methodology is general and can
easily include variable species composition effects.

Also for a single stream tube as shown, the functional dependence
for the forces would properly include the already discussed shear
boundary work term

e
/ deound(shear) : Vbound
i

This term, however, is not shown in Eq. (10) because for a collection
of stream tubes that are “bundled” together (as over an aerospace
vehicle which is of interest here) but that are at different conditions,
and when force effects are summed/integrated over the entire vehicle
control volume of interest (as will be done in the next section), the
shear boundary work term effectively cancels out between adjacent
internal stream tubes with the net effect of the viscosity appearing
as an increase in entropy.

In examining the functional dependence for stream-tube forces, it
is seen that if one is interested solely in the impact of irreversibility
it is necessary to evaluate the reversible forces with the other terms
in the functional dependence held constant, that is, define reversible
force components Fi(rey), Fyrev)s Frrev) a8

F evy = function(inflow conditions, Q, A,/ A;,
exit flow angularity, S‘m =0)
Fy(reyy = function(inflow conditions, 0, A, /A,
exit flow angularity, S‘m =0)
F revy = function(inflow conditions, 0, A, /A;,
exit flow angularity, Sire = 0) (11)
or

Frev—s(reamtube = Fx(rev)i + Fy(rev)j + Fz(rev)k

function(inflow conditions, Q, A,/ A,
exit flow angularity, S‘m =0)

One can similarly define the isentropic (reversible and adiabatic)
force and force components on the fluid in the stream tube as follows:

F(iseny = function(inflow conditions, 0=0, A /A;,
exit flow angularity, S‘m =0)
Fy(iseny = function(inflow conditions, 0=0, A, /A;,
exit flow angularity, S‘m =0)
F(iseny = function(inflow conditions, 0=0, A, /A;,
exit flow angularity, Sie=0) (12)
or
Figen—streamtube = Fx(isen)z + Fy(isen)j + Fz(isen)/2
= function(inflow conditions, Q =0,A,/A;,
exit flow angularity, S‘m =0)

The force lost caused by irreversibility within the stream tube can
then be defined as follows:

AF'irr—slrea\mlube = Frevfstreamlube - Fslreamtube (13)

The force increment caused by heat interaction within the stream
tube can also be defined as

AFheat—streamlube = Frev—streamtube - Fisen—streamlube (14)

This then leads to the decomposition of the actual force felt by the
fluid in the stream tube as

F streamtube = F isen—streamtube AF irr—streamtube + AF heat—streamtube (15)

Based on Equations (10-12) and the preceding discussion, it is
relatively straightforward to construct two sequential solvers that
compute both F ey _sireamtube a0 Fligen—streamuube DY processing the exit
plane fluid dynamics of the stream tube. These two processes are
briefly described for a perfect gas in the following discussion.

A. Solver 1: Computation of Reversible Forces
by Removal of Irreversibilites at Stream-Tube Exit

This entails a separate correction at the exit plane of the stream
tube based on the solution of the following equations for the re-
versible exit conditions:

e = Pe,r Ve, cOs BA, (16)

CpTes+ V), [2=CpT.+ V] )2 (17)
Sirr(streamtube) = Cp 0(Te /T ) — R tn(Pe/ Pe ) (18)
P.,=pe,RT., (19)

B is the actual turning angle of the flow (known), and
sil‘r(slreamtube)[: Sirr(streamlube)/m] must be known from the fluid dy'
namics of the actual flowfield (calculated or known for the given
stream tube). Note that s;,, is only the irreversible entropy increase
per mass—it does not include any entropy increase associated with
reversible heat addition from across the boundary of a stream tube.

The preceding system must be solved for V, ,, T, ,, P.,, and p, .
These “reversible” exit plane fluid dynamics can then be directly
used to compute Frey_sireamube and its x, y, and z components. These
force components exactly represent the forces that would be expe-
rienced by the fluid in the stream tube if the flowfield were entirely
reversible with all other drivers held constant.

B. Solver 2: Removal of Heat Added to Stream Tube

A second solver, which processes the reversible exit plane (ob-
tained in the preceding first solver), can then be constructed. The
purpose of this solver is to compute the fluid dynamics at the exit
plane when any heat added across the boundary of the stream tube
(from freestream to exit plane as it was processed around or through
the vehicle) is removed. Keep in mind that this solver works on the
reversible exit plane obtained from the preceding first solver. Subse-
quently the force Figen—sweamube €an be calculated; this force vector is
in fact exactly the force vector on the stream tube caused simply by
isentropic expansion from freestream to exit area and (isentropic)
flow turning of the stream tube.

This second solver can be constructed as follows:

me = Pe,isen Ve,isen Ccos ﬂAe (20)
CrpTeisen+ Viien [2=CpTor + V2, [2—(Q /1) (21)
CP E‘*(Te,r/Te.isen) - R E‘@(Pe‘r/Pe,isen) = Srev (22)

Pe.isen = pe,isenRTe.isen (23)

In this solver q(:Q /m) and s, (per unit mass) are known from
the actual flowfield for the given stream tube. This system must be
solved for V, isen, Pe.isens Te.isens a0 0 isen, cOrresponding to condi-
tions at the end of the given stream tube for upstream isentropic
(reversible and no heat interaction) conditions. These isentropic
exit plane fluid dynamics can then be directly used to compute
Fisen—streamwbe and its x, y, and z components. These force com-
ponents exactly represent the forces that would be experienced by
the fluid in the stream tube if the flowfield was entirely isentropic.

Therefore, using this methodology [with Eqgs. (13) and (14)],
the actual force components on the stream tube (i.e., Fy sireamtubes
Fy streamtubes and F gireamube) can be “deconstructed” as the additive
summation of the force increments caused by irreversibility, heat
addition, and isentropic area change and (isentropic) flow turning.
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III. Vehicle Control Volume Selection
and Force Decomposition

This section provides the general methodology for the methodi-
cal deconstruction and resulting audit of high-speed vehicle perfor-
mance in terms of irreversibilities occurring in the flow, heat added
to the flow, and area relief and flow turning inherent in stream-
tube processing around and through the vehicle. The discussion in
the preceding section, which focused on individual stream tubes, is
now expanded to the overall control volume (or global stream tube)
encompassing an entire aerospace vehicle. However the individual
stream-tube concepts discussed earlier are utilized in analyzing the
specifics of the flowfield (and forces) within that overall control
volume.

To accomplish this, first construct a comprehensive fluid control
volume around a hypersonic vehicle in flight as shown below in
Fig. 2 such that the box defining this control volume extends on ei-
ther side to freestream conditions, that is, the zone of influence of the
vehicle impacts only the downstream boundary of the control vol-
ume as shown (i.e., the vehicle exit plane). The vehicle solid struc-
ture is not part of the control volume, which simply encompasses
all fluids internal and external to the vehicle. Therefore, although
not shown on the sketch, this control volume can have internal flow
paths within the structure of the vehicle, including fuel/propellant
lines and systems extending all of the way back into and including
the volumes of the propellant tanks themselves. This indicates that
vehicle wetted surfaces refer to all wetted surfaces of the solid struc-
ture of the vehicle, internal and external. For simplicity assume that
the fluid dynamics everywhere where there is fluid motion is steady
(although propellant is of course being emptied out of propellant
tanks). Formally this assumption mandates steady cruise although
the analysis will hold generally unless there is extremely rapid ac-
celeration/deceleration of the vehicle such that the fluid dynamics

-

=

I

S =

Fig. 2 Comprehensive vehicle control volume (includes propulsion
system and fuel system).

vehicle

over the vehicle or through the engine flow path are unsteady. The
net result of all pressure and shear forces acting from the fluid on
all wetted surfaces of the vehicle is a resultant overall fluid dynamic
force vector Fyepicle, Which is further designated in terms of x, y,
and z components Fy(ehy, Fyeny, and F(yen. Note that Fy(en) can
be related to conventional thrust — drag, whereas Fy(yeny and F e
can similarly be thought of as conventional lift force and side force,
respectively, but these distinctions are fundamentally arbitrary and
will not be used at this time.

For this vehicle and with the given assumptions, 1) the overall (ac-
tual) force vector on the vehicle wetted surfaces (internal and exter-
nal) Fyenicle, 2) the overall reversible vehicle force vector F ey _yenicles
and 3) the overall isentropic vehicle force vector Fie,—vehicle Can be
written as follows:

N N
F vehicle = ZF streamtube > F rev—vehicle = ZF rev—streamtube
j=1 j=1
N
Figen_vehicle = ZFisen—streamtube (24)

j=1

Here N is the total number of stream tubes modeled within the
domain of influence of the vehicle. Fluid forces between adjacent
surfaces of stream tubes cancel out such that all that is left is the net
force on the vehicle wetted surfaces.

Thus, for the entire vehicle, consistent with the earlier discussion,

N
Fvehicle = E (Fisen—streamlube + AF'heat—streamtube - AF‘ixr—streamtubc-:)
i=1

(25)
This implies that one can define the overall lost force caused by
irreversibility for the entire vehicle as

N
AFirr(vehicle) - Z AF'irr—slreamtube (26)
i=1

Also, the overall force contribution as a result of heat interaction
for the vehicle is

N
AIrheat(vehicle) = Z Athezu—slreamtube (27)

i=1

This analysis corresponds to the systematic deconstruction of ve-
hicle forces as illustrated in Fig. 3: Solver 1 applied to the exit

compute at exit plane -
integrate all streamtubes

F (actual)

1 Fy (actual) find
AF (irr)

remove
irreversibilities in "

AFy(irr)

F_(reversible)

Fy (reversible)

all streamtubes
(solver 1)

remove any net heat

=

----- ! find

AF (heat)

F, (isentropic) AFy(heat)

F ) (isentropic)

(fuel equivalent or wall)y = === -~
added from airframe '===========-
(solver 2)

Fig. 3 Vehicle force audit (decomposition) process.
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planes of all modeled stream tubes within the vehicle domain of
influence out to the exit plane of the vehicle provides the reversible
perfomance F\'(rev—vehicle)v Fy(rev—vehicl.e)v and Fz(rev—vehic]e) of the ve-
hicle with given energy interactions Q across the boundaries of the
overall control volume. Solver 2, applied to the exit planes of the
reversible stream tubes as determined by solver 1, then provides
the overall performance increment of the vehicle caused by the heat
interaction. The base force components F (isen—vehicle)> Fy (isen—vehicle) s
and F_(isen—vehicley are then the forces that exist simply because of
the net effect of stream-tube area changes and flow turning over the
vehicle.

IV. Simplified High-Speed Example Using
Force Auditing Methodology

Consider a highly simplified two-dimensional hypersonic vehicle
as shown in Fig. 4a. For this example, the flight Mach number is 12,
and ambient temperature and pressure are 200 K and 1000 N/m?,
respectively. The air is calorically perfect with constant specific
heats throughout the flow. The freestream capture area is 1 m?, and
the tip to tail length of the vehicle is 10.2 m. The inlet has an incident
and a reflected shock from cowl tip as shown in the Fig. 4a, which is
generated by an 8-deg forebody compression angle; with reflected
shock cancellation at combustor shoulder. Heat per unit mass of air
is added in the (Rayleigh) combustor such that the Mach number at
combustor exit (nozzle entrance) is Mach 2. (The heat rate added
to the flow path in the combustor is 1.75e8 W.) The flow in the
propulsion system from combustor entrance to nozzle exit is quasi
one dimensional. The top surface of the vehicle has an §-deg turning
angle such that an oblique shock is generated. A flat-plate wing is
separately defined, at 8-deg positive angle of attack, and with the
same planform area as the top surface of the vehicle; the wing has
no interaction with the body. The uniformity of angles and areas
for the various components are selected purely for convenience and
easy repeatability for this particular example.

The problem as defined is inviscid everywhere; the only irre-
versibilities in this problem are shock (inlet, top surface, wing) and
Rayleigh losses in the combustor. It should be emphasized that the

wing
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a) Sketch of simplified high-speed vehicle
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b) Division of vehicle flowfield into relevant stream tubes

Fig. 4 Simplified vehicle for methodology demonstration.

methodology given in preceding sections is very general and is for-
mally independent of the level of analysis used to actually generate
the flowfield. Of course, the fidelity of the results obtained using the
methodology will be the same as the fidelity of the original model-
ing used to generate the flowfield. The example shown in this work
is constrained to be highly conceptual for simplicity and is defined
merely to demonstrate the technique described earlier. However,
the methodology has been applied successfully to far more com-
plex (and realistic) vehicle configurations with friction, fuel injec-
tion, reaction, etc. These results are beyond the scope of the current
paper.

The flowfield around the simplified vehicle shown here is divided
into five relevant stream tubes for analysis; an upper or top surface
stream tube, an engine flowpath stream tube, a cowl-side (lower)
stream tube, a shocked (lower) wing stream tube, and an upper
(already reversible) expansion-side stream tube on the wing (see
Fig. 4b).

The results obtained by applying this methodology are shown
in Figs. 5 and 6, which detail the force audit in terms of axial
x and vertical y components. At the level of modeling used here
and with the simplifying assumptions made to set this problem up,
the only stream tubes contributing to the y direction are the wing
and upper surface stream tubes (or control volumes), that is, the
engine flowpath stream tube and the cowl-side stream tube are ax-
ially directed and undergo no net change in momentum in the y
direction.

Note in Fig. 5 that the resolved axial force on the vehicle in
the absence of all irreversibility and heat addition (13,489 N) is

Vehicle axial force
N, heat addition in
flowpath (reversible)
40000 -
+ | 44814
I F (total vehicle)=15045N
2 . (’thrust - drag’)
20000 =
S
0 [ o S
& op surface ~ 408
I ..g -13498| engine .
I Sflowpath ~T—-11455
| iseniropic: area wing —&= 2408
effects/flow turning . e
-20000- 7 streamtubes irreversibilities:

all streamtubes

Fig. 5 Axial-force audit for simplified hypersonic vehicle problem.

vehicle vertical force

10000 -
i isentropic:area
8000 | +9634| effects/flow turning
L all streamtubes
6000 - F, (total vehicle) = 9634 N
[ CLif’)
4000 -
I irreversibility: top surface
2000 - (loss in down force on inclined
surface)
ok [+484 ]
I =384 ]

irreversibility: wing
(loss in lift force on
inclined plate)

Fig. 6 Vertical-force audit for simplified hypersonic vehicle example.
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negative, that is, is a drag contribution. The lost axial force caused
by irreversibilities sum to 16,271 N (total) but are shown subdivided
by relevant control volume (stream tube) with the propulsion flow-
path representing the largest loss. Finally, the net (overall) gain of
15,045 N in the axial direction for the entire vehicle is caused by
the large increment associated with heat addition in the combustor
of the engine flowpath stream tube (45,000 N).

Figure 6 shows the vertical force audit for this example. The
irreversibilities associated with the upper surface cause a reduction
in the downforce on that surface; similarly the irreversibilities as-
sociated with the wing (which simply for ease of constructing this
problem had the same angle of attack as the upward angle of incli-
nation of the top surface and the same surface area as well) cause a
similar reduction in the upward force on that surface. Hence these
lost force increments in the vertical direction on these two opposing
surfaces cancel out, as they should. Obviously, in general this will
not be so but happens here because of the particular details of the
simplified modeling of the configuration.

V. Relationship of Wake Irreversibility to Vehicle
Performance—Theoretical Development

The remainder of this paper provides additional analysis and the-
oretical framework, which directly relates the wake-mixing process
that occurs downstream of an aerospace vehicle to the developed
force(s) experienced by that vehicle. Specifically, the entropy pro-
duction associated with that wake-mixing process is shown to be
the key component for the (entropy-based) calculation of vehicle
force. Hence, overall entropy production (over and through the ve-
hicle as well as in the wake) is directly related to vehicle axial-force
development; furthermore, in the same development conventional
availability is also related directly to vehicle axial-force develop-
ment. Optimal performance for given energy interactions from and
to the vehicle is therefore shown (analytically) to occur when total
irreversibility is minimized across both vehicle flowfield and in the
(downstream) wake.

A. Discussion of the Relationships Between Overall Vehicle Axial
Force, Vehicle Exit Plane, and the Wake-Mixing Process

The flow at the exit plane of the aerospace vehicle (see Fig. 2) is
characterized by a wide variety of flow conditions and flow angu-
larity (distortion) corresponding to the multiple stream tubes within
the vehicle-bounded flow. Furthermore, in the wake all stream tubes
[both external streamtubes that wrap around the vehicle upstream as
well as the streamtube(s), which were processed in internal (engine)
flowpaths] mix to uniformity (i.e., equilibrium) with the freestream.
In this wake-mixing process, there is a complete loss of work po-
tential (i.e., maximum entropy production caused by internal irre-
versibilities within the mixing process—no recovery of force-based
work). The maximum thermodynamically permissible limit would
be isentropic (overall) mixing; however, in order to obtain the re-
quired internal reversible processes force-based interactions with
the control system boundary are required. This is not allowable, of
course, in the unconstrained vehicle wake. The net effect of the ve-
hicle out to its own exit plane is then to separate the freestream into
various stream tubes and process them in various ways. In so doing,
actual forces Fy(eh) and Fen result on the vehicle as analyzed in
preceding sections, inevitably with the generation of irreversibilities
within the flowpath(s). It is now of interest, however, to consider the
relationship of the vehicle wake to achieved vehicle performance.

B. Theoretical Framework for Relating Wake-Mixing Processes
to Vehicle Forces Using the Laws of Thermodynamics

Consider a high-speed vehicle embedded within an encompass-
ing global stream tube as shown in Fig. 7 (for which the far-field
side boundaries are aligned with the x axis). The global stream tube
is initially processed from i to e over the vehicle and is inclusive of
both the vehicle zone of influence control volumes discussed earlier
and side control volumes above and below the vehicle, which are
entirely in the freestream. In addition, as shown in Fig. 7, the wake
control volume is constructed behind the vehicle as shown and ex-
tends from e to w, as shown. By definition, there is no net force

Jar-field

vorr
[}

vehicle zone of influence

s (wake) :
D —
\ control volume(s) E

Jar-field wake control volume

Fig. 7 Global control volume/stream-tube definition for overall
vehicle/wake analysis.

on the wake control volume; hence, there is no contribution from it
to vehicle forces. It extends from far field below to far field above;
the side control volumes in the upstream freestream patch directly
into this wake control volume. The question of how large to make
this control volume in the y direction is not of great interest at this
time—it must however be large enough to encompass the wake mix-
ing. The actual length of this wake zone is also not of interest from
the standpoint of the vehicle performance as will be shown next. The
only important information from the standpoint of the wake will be
the irreversibility associated with the wake-mixing process as the
multiple nonuniform stream tubes at vehicle exit plane e mix out to
a condition of displaced equilibrium at w. The global stream tube by
definition has constant cross-sectional area, thatis, A; = A, = A,,.
Initially (in this section), assume perfect gas (nonreacting) and fur-
thermore that inflow i and exit w cross-sectional planes of the stream
tube are aligned with the y axis (i.e., the directed unit normal is en-
tirely in the axial direction on both inflow and outflow planes). It is
relatively simple to write the following important relationship for
this stream tube:

O+ W =mCp(T, —T;) — u; (P, Ay, — PiA;)

[y — i) /2] + i Feeny (28)
Hence Fywen is essentially the familiar resultant force of
thrust — drag while Q and W are the net heat and work rate in-
teractions crossing the boundary into the fluid from the structure
of the vehicle (positive to the fluid). For a ramjet/scramjet-powered
vehicle the work term is obviously zero; however, even for con-
ventional jet engines with turbomachinery the net work is close to
zero. Note also that the last term u; Fyen) is by simple extension the
conventional (thrust-drag power) for a high-speed vehicle, and the
energy interactions (heat + work) are the price paid by the vehicle.
The wake process mixes (with no recovery of work potential)
both the vehicle exit plane fluid dynamics and the freestream to some
condition just displaced from the freestream condition (assuming the
side boundaries of the global stream-tube/wake-mixing streamtube
are taken well into the far field). In other words, the following can
be written:

Uy =u; +Au, T, =T, + AT, P,=P,+AP (29)

etc., where Au, AT, AP are very small.
Equation (28) can then be applied across the global stream tube
from inflow i to wake exit w such that the following can be written:

O+ W =mCpAT —1it(AP/p;) +m[(Au)? /2] + u; Fyeny (30)

From the definition of the total entropy change from i to w (and
discarding higher order terms), the following is then written:

Q + W= Tislotal +u; Fy(ven) G
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Vehicle axial-force power is then
Ui Fogey = O + W = T; S (32)
where
Stotal = Svehicle + Swake = Sirr(vehicle) + Srev(vehicle) + Suake (33)

Hence Sior is the total entropy change caused by 1) irreversibili-
ties occurring over the vehicle and energy transfer in the form of heat
transferred from the vehicle to the flow, that is, Sepicie and critically
2) all irreversibility occurring in the wake, that is, Syax. Maximum
F'(veny (i.e., thrust — drag, where x is in direction of freestream ap-
proach to the vehicle) occurs when the sum of the irreversible en-
tropy generation rates for the vehicle zone of influence (out to the
exit plane of the vehicle) and the wake process is minimized (for
given energy interactions with the vehicle):

MAX Fx(veh) — {Sirr(vehicle) + Sirr(wake) }MIN (34)

Note that this clarifies the issue of isentropic drag: one can easily
construct an aerodynamic free-flying closed shape with isentropic
flow everywhere that nevertheless has net pressure drag acting on it.
The drag is a penalty (not even necessarily with any irreversibilities
occurring in the flow over the shape) caused by flow turning out of the
axial direction and the separation of stream tubes around the shape.
In a very real sense, then, the out-of-equilibrium situation at the
exit plane of the aerodynamic shape and the inevitable downstream
loss in work potential in the wake equilibration process provides
a measure (via the irreversibility generated in that wake process)
of the drag experienced by the shape. Irreversibilities in the actual
flow over the shape will of course increase the actual drag above
this isentropic flow + lossy wake mixing limit.

Furthermore, one can also define the lost axial-force compo-
nent (reversible axial force—actual axial force) for a hypersonic
aerospace vehicle as follows:

AF‘x(irr—veh) = Fx(rev—veh) - Fx(veh)

=T [Sirr(vehicle) =+ Swake + Swake(reversible vehicle)] / u; (35)

Note that Sirr(vehicle) is the entropy generation associated with ir-
reversibility out to the exit plane of the vehicle e, that is, it does not
include any entropy increment caused by reversible heat interaction

[i.e., it excludes
. ¢ (Sq
Srev(vehicle) = i 7{

where T is the local total temperature of the fluid].

Swake 18 the entropy generation rate in the wake-mixing process
for the actual flow while Syake(reversible vehicle) 1S the entropy generation
rate in the wake-mixing process for the flow with all processes
reversible as defined in earlier sections.

C. Important Note on Relating Axial Forces to Entropy Production

It must be cautioned that it is tempting to simply take Eq. (32)
and directly compute various subdivided lost axial-force increments
based on the local entropy rates (as is done in conventional exergy
analysis); if this is done, there is then no distinction in terms of the
upstream fluids—all heat/work/irreversibility are “created equal.”
However, this would ignore the critical fact that different stream
tubes processed over and through the vehicle have different force
characteristics depending on their own history/evolution out to the
exit plane of the vehicle. It must be considered that there is sig-
nificant and inevitable irreversibility occurring in the wake process
[although treated as a lumped process in Eq. (32)], which should
itself be associated with individual upstream stream tubes (in terms
of flow turning, angularity, area, total conditions, etc.). This leads
back to the performance analysis methodology in terms of control
volume/stream-tube analysis developed in the earlier sections of this
paper; the theoretical framework presented here does not change the
issues or results involved with the detailed force audit methodology
as presented earlier.

VI. Wake-Mixing Process

_ The quantification of the entropy associated with the wake mixing
Swake 18 easily realized by the use of an adiabatic inviscid-walled
mixing (or one-dimensionalization) process defined across a chosen
control volume in the wake and encompassing the freestream out to
the far field (see Fig. 7).

This process is sometimes called stream-thrust averaging and
is well known for obtaining a one-dimensional representation
of a multidimensional flowfield. This technique simply equates
one-dimensionalized mass flow rate, one-dimensionalized stream
thrusts, and one-dimensionalized total enthalpy flow rate to the ac-
tual (integrated) three-dimensional mass flow rate, stream thrusts,
and total enthalpy flow rate. The system is closed using the gas
equation of state. For multispecies flows, the one-dimensionalized
mass fractions ¢; are readily found from the integrated species flow
rates as well. This allows the calculation of the one-dimensional gas
constant. In summary, the following system of equations is solved
for one-dimensional unknowns u.,, vy, Wy, Py, Ty, and p,:

/ p(V-i)dA=pyu,A, (36)
Ae
/ lou(V - i)+ Pii,] dA= (pui + Pu) Ay (37)
Ae
/ [,OU(V . ﬁ) + Pﬁy] dA = pwuwvaw (38)
Ae
/ [,OUJ(V;l)"‘Pﬁy] dA:)Owuu)wwAu) (39)
Ae
/ ph,(V - ﬁ) dA = pyhiity Ay (40
Ae
and
P, = prwTw (41)
where

NCS T 2 2 2
he= o ”’w*f CotdT |+ =+ =+ 42

NCS To W ov: w?
hew=Y deu h,w+/ CpedT |+ 2+ 242 (43)

Rw = Runiv/m Wrot,w (44)

and

Nes
Lw
MW w = 1 — (45)

In practice, when the wake control volume is defined, the size
of the side control volume associated with the freestream (from
outer edge of the vehicle zone of influence to the far field) is some-
what arbitrary but should be made as large as permissible from
the standpoint of machine capabilities to compute accurately (i.e.,
for the example to be shown in the next section, the ratio of over-
all global stream-tube cross-sectional area to vehicle exit plane area
was varied to extremely large values—up to 50,000 with asymptotic
convergence exhibited however at much smaller ratios).

The entropy production associated with this wake process can
then be directly computed as the difference in exiting to entering
(vehicle exit plane) entropy flow rate, that is,

Swake = PuwlySy Ay

—/ p(V-n)s dA; (46)
Ae
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Fig. 8 Axialforce onsimplified hypersonic vehicle and axial force com-
puted using entropy audit [Eq. (32)] vs size of global stream tube.

VII. Generic High-Speed Example—Wake Mixing
and Axial Force on Vehicle

Consider the generic simplified high-speed vehicle depicted in
Fig. 4 and described earlier. Figure 8 shows the results of applying
Eq. (32) to the fluid dynamics associated with the simplified high-
speed vehicle. Specifically, in this figure the actual force (measured
either directly from forces on individual surfaces or from the inte-
grated stream thrust at vehicle exit plane e) is 15,045 N (see earlier
sections). In comparison, the axial force on the vehicle as computed
using the entropy analysis technique in Eq. (32) is then plotted vs
selected size of the global stream tube (i.e., as shown on the axis, the
ratio of the cross-sectional area of that stream tube, designated as
Ayake, to the exit area associated with the vehicle exit plane, desig-
nated as Ayen—exit)- The computed force from Eq. (32), which is based
purely on entropy considerations in the overall flowfield, exhibits
rapid asymptotic approach to the (actual) force; thus, this plot veri-
fies the theoretical analysis represented by Eq. (32). Similar results
are also shown in Fig. 8§ for the reversible axial force on the vehicle,
that is, for the force experienced by the vehicle if all processes in the
bounding stream tubes over and through the vehicle were reversible
(from i to e). Here the reversible force as measured directly from
forces or from the integrated stream thrust changes between e and
i is 31,316 N (for the reversible flowfield). The entropy analysis
as given by Eq. (32) (here the fluid dynamics associated with the
reversible vehicle exit plane are used in the wake-mixing process)
yields the entropy-generated overall vehicle force as shown, which
again asymptotically approaches the value of 31,316 N for large
cross-sectional sizes of the global stream tube. Also illustrated is
the lost axial force (i.e., the difference between the reversible axial
force and the actual axial force) as determined by Eq. (35). As is
expected, the lost axial force as computed from the entropy method
approaches the actual value of 16,271 N asymptotically at larger
cross-sectional areas of the global stream tube. Asymptotic conver-
gences at large area ratios for the wake entropy generation rates are
shown in Fig. 9 for both actual and reversible vehicle flowfields.
The irreversibility in the wake is generally much larger than the ir-
reversibility associated with the vehicle; furthermore, the reversible
vehicle itself has significant irreversibility in its wake as seen in
Fig. 9.

VIII. Theoretical Framework for General
Relationship of Vehicle Forces to Entropy
Production Including Wake-Mixing Process

Preceding sections provided the relationship between overall ax-
ial vehicle force and entropy production across both vehicle and
vehicle wake; this analysis was based on the assumption of ther-
modynamic heat interaction (Rayleigh heating process), constant
specific heats, and no mass (fuel) addition. The expression for ve-
hicle axial-force power that results is simple; vehicle axial-force
power is seen to be a function of heat and work interactions be-

5.0E+05
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4.0E+05

3.5E+05
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wake entropy generation rate, J/K-sec

'IIY‘X"IIYIIII
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- L
400 600

vehicle exit

P -
0 200

A JA
Fig. 9 Wake entropy generation rates for simplified vehicle vs size of
global stream tube.

tween airframe and fluid and entropy production in the flow over
(and through) the vehicle and in the wake-mixing process.

It is now necessary to similarly define the solution to the com-
pletely general problem, that is, to develop the analysis for the case
of a vehicle with fuel mass addition to the fluid stream, fuel/air reac-
tion (i.e., multiple species), non-constant specific heats throughout
the flowfield, etc. The following analytical development for the rela-
tionship between overall vehicle axial force and entropy production
in steady flow is, for ease of presentation, shown using quantities
based on uniform flow (meaning uniform across a given cross sec-
tion). Because this work ultimately involves the analysis of the flow
across the global (vehicle 4 environment) stream tube (including
the wake-mixing zone; see Fig. 7), this one-dimensionalized form
is, in fact, directly applicable because the flow is indeed uniform at
stream-tube inlet i and stream-tube exit w.

For the global stream tube as shown in Fig. 7, the magnitude of
the overall axial force on the vehicle is properly defined as

Fx(veh) :meuw - miui + PwAw - PlAz (47)

This is the actual net axial force experienced by all wetted surfaces
of the vehicle, which is embedded within the stream tube, external
and internal (including fuel/propellant systems) (positive in the neg-
ative x direction). For the global stream tube chosen, in which all
side boundaries extend well into the far field, A, = A, = A;.

The vehicle has some fuel or propellant mass flow rate into the
fluid from its structure, designated here as m ;. Continuity across
the global stream tube dictates that

mw Zm(':ma +mf (48)

Momentum considerations result in the following expression for
the change in kinetic energy across the stream tube:

tivy (w3, [2) =i (7 [2) = rivy [ o — ui)* 2] —1ing (u? /2)
— (PyAy — PiADu; + Frenytt; (49)

Energy considerations applied to the global stream tube result in
the following:

2

2 2
u .u (Uw + ww)

2

2
. w i - i
my, 7 —m; 7 = Qﬂow—path + Wﬂow—palh — My

V' .. V . ncs Tw
iy = i, > e hos+ / Cp. dT
I=1 T

ef

nes T;
+m; Z a1 hos+ / C,.dT
T

1=1 ref

Tinj
+ mf h()(fue]) + / Cp(fuel) dT (50)

Tref
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Here Q'ﬂﬂw_pmh and Wﬂnw_pmh are the heat and work rates (positive
to the flow) supplied to the fluid from the structure of the vehicle.
They are not, however, inclusive of any heat and/or work associated
with the fuel system (which are implicitly present in the fuel total
enthalpy rate). Here v,, and w,, represent the out-of-axial velocity
components at the exit of the global stream tube, that is, they are the
y and z velocity components orthogonal to the relative wind vector
(along with the overall axial force is defined).

Finally, the second law considerations for the global stream tube
results in the following expression:

nes T, Py
v dT v dP
Ty E o wisor + C,1— —r, — — 71l
Z 1,,: 0,/ -/;f p.l T l/P P 1ty

ref ref

nes T; P;
. ! dr "dP
—m; E o S0,1+f Cp,/—T —V// L lomy i
T, P

=1 ref ref

= Svehic]e + Swake + Sinj (51)

: Tin dr i gp
Sinj =11 £ | Son 1+/ Cotuel =+ — Tt 1/ — (52)
inj uel - pfuel T ue! s P

Svenicle 18 the total entropy generation rate from freestream i to
vehicle exit plane e and includes all entropy generated as a result
of irreversibilities (but excluding entropy generated within the fuel
system prior to injection, which is implicit in Sy, the entropy flow
rate associated with the fuel injection) as well as entropy associated
with heat transfer from the vehicle structure to the fluid. Sy is the
entropy generation caused by the wake-mixing process behind the
vehicle.

Recall that the vehicle is embedded within the global stream tube,
which itself must extend into the far field on the side boundaries in
order to adequately encompass the wake-mixing process. In the
proper limit of (very) large cross-sectional area defining this stream
tube, then, the effects of the vehicle at the wake exit simply become
a perturbation on the freestream conditions, that is, the following
can be written:

and

Uy =u; + Au, T,=T + AT, P,=P +AP

oy =0 + Aal,i, Niw = N1i + Anl,i (53)
where Au, AT, AP, Aa, An — ¢ as A,, — 00.

Rigorously, the wake-mixing process should be computed assum-
ing equilibrium chemical composition of the products at wake exit
(although keep in mind that the composition will asymptotically ap-
proach that of freestream air as the stream tube is increased in size
to encompass the wake mixing). However, because the temperature
at the exit of the wake T, is very close to the freestream tempera-
ture 7;, which is always very low from the standpoint of chemical
reactions (i.e., 230 K at 30 km altitude for a typical application),
the products can be assumed with confidence to be those associated
with complete reaction at wake exit; hence, equilibrium analysis
need not be done. This approximation greatly eases the complexity
of the wake-mixing process for the general case; examples done fol-
lowing this section demonstrate the validity of the complete reaction
approximation for wake exit.

These relationships and equations can now be analytically com-
bined within the given constraints (perturbations from freestream)
to yield an expression for the vehicle axial force power, that is,
F(ven) - u;, given here:

. . . ulz . Vinj . Vinj
Fx(veh) cUp= Qﬂow—palh + Wﬂow—path + my ? + myg T

Tinj
+ mf {h(](fuel) + / Cp(fue]) dT
T;

ef

nes

— ity el = Tisi(Tr, Py )]
=1

i il = Tosi(Ty, Pryo )]

=1

- Tx (Svehicle + Swake + Sinj) (54)
where
T;
hii=ho;+ / Cp,dT
Tret
Toooar P
si(Ti, Prymy) =504+ Cpi—=—rln — 1y ()
Tret T Pref

This expression becomes exact in the limit of large A,. For a
thermally balanced vehicle with no (net) work interactions and a
fuel temperature in tank of 7i,,, Eq. (54) results in the following:

2 Thank

. . u:

Fiven) - #i = Qfiow—pan + mf{ 7’ + hofuen) + / Coven dT}
Tl‘

ef

nes

- mw Zal,w[hl,i - T,’S](T,', Pi’ nl,w)]

=1

nes

it e il — Tisi(Th, Py )]

=1

- T; (Svehicle + Swake + San) (55)

Furthermore, for Hy, being the heating value of the fuel, one can
show the following from Eq. (55):

Fx(veh) cUp= Qﬂow—palh + mf (MIZ/Z + Hfuel)

- 7; [Sirr(vehicle) + Swake] (56)

IX. Conclusions

A methodology that allows the calculation and analysis of the im-
pact of irreversibility on high-speed aerospace vehicle forces (both
axial and out of axial) is presented. This methodology is based on
a basic control-volume/stream-tube-based approach to the problem
and is rooted in the development of the understanding of the fun-
damental drivers on forces experienced by a vehicle in fluid flow.
Using this theory as a basis, the capability for a complete vehicle-
level auditing of forces is suggested and is then demonstrated in
terms of irreversibility, energy interactions, and overall flow turn-
ing/area changes. This is integrated into a unified framework that
provides the ability to exhaustively audit vehicle performance in
terms of irreversibilities and energy interactions. A highly simpli-
fied high-speed vehicle example, which has both external and inter-
nal fluid dynamics is constructed. However, the methodology can
be rigorously applied to any level of modeling.

The fundamental link between vehicle (overall axial) force and the
irreversibilities and energy interactions occurring over (or through)
the vehicle and the irreversibility occurring in the wake-mixing pro-
cess is then explained and demonstrated analytically for constant
specific heats and Rayleigh-type heat. Specifically, conventional
exergy (or availability) is directly related to the vehicle axial-force
development. This, however, mandates consideration and inclusion
of the wake-mixing process in the analysis procedure. Vehicle axial-
force development is related directly to the entropy production over
and behind the vehicle, and optimization (under constraints) is seen
to result in terms of maximum thrust-drag production at the con-
dition of minimum overall entropy production. The methodology
is verified utilizing the same simplified example defined for the
performance-based audit; this example shows that the vehicle per-
formance can be computed purely from entropy considerations. The
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analysis is then expanded for the completely general problem in
which there is fuel mass addition, chemical reaction, variable spe-
cific heats, and multiple species, etc.
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